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Abstract
Let Γ be a connected component of the Auslander–Reiten quiver Γ (modA) of an Artin algebra.
We show that Γ is quasi-directed if and only if the paths in indA, having end-points in Γ , satisfy
certain conditions. Moreover, we describe the shapes of such components and identify the classes of
algebras to which they are related.
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Let A be an Artin algebra. We are interested in studying the representation theory of A,
thus in characterizing A by properties of the module category modA of finitely generated
right modules. One way to achieve this goal is to take a look at the paths in indA, a full
subcategory of modA consisting of one representative from each isomorphism class of
indecomposable modules. For instance, the quasi-tilted algebras [14], the shod algebras [9,
21], the weakly shod algebras [10,11] and, recently, the laura algebras [2,22,33] are several
important classes of algebras which have been totally characterized by properties of paths
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494 D. Smith / Journal of Algebra 279 (2004) 493–513between indecomposable injective modules and indecomposable projective modules in
indA.
Another approach consists in studying the representation theory of an Artin algebra
A with the help of well-behaved connected components of the Auslander–Reiten
quiver Γ (modA) of A. In this sense, Skowron´ski introduced in [28] the concept of
generalized standard component (see Section 2 for details) examples of which (such as
all postprojective, preinjective or connecting components) appear naturally in all classes
of algebras mentioned above as well as in many other classes of algebras. Moreover,
Skowron´ski showed in this paper that if A is an Artin algebra, then only finitely many
generalized standard components in Γ (modA) are not stable tubes. It is then natural to
study the generalized standard components containing directing modules, that is modules
not lying on any cycle in indA.
The aim of this paper is to combine these two approaches mentioned above to give
a complete description of a specific family of generalized standard components, the so-
called quasi-directed components. In their study of laura algebras [2], Assem and Coelho
defined a quasi-directed component to be a generalized standard component having only
finitely many modules lying on cycles of irreducible morphisms. We enlarge this definition
as follows: an Auslander–Reiten component is called quasi-directed if it is generalized
standard and contains only finitely many modules lying on cycles (of non-necessarily
irreducible morphisms). This terminology was already used in [3]. We stress that these
two definitions are equivalent for laura algebras since any “quasi-directed” component of
a laura algebra is convex. This kind of component appears naturally in many classes of
algebras such as the laura algebras, the left and right glued algebras [1], the weakly shod
algebras, the shod algebras, the double tilted algebras [21], and the tilted algebras [15].
Before we state our main theorems, we recall that a component Γ of Γ (modA)
is called regular if it contains neither a projective module, nor an injective module.
Moreover, we say that Γ is semiregular if it does not simultaneously contain a projective
module and an injective module, and non-semiregular if it does simultaneously contain a
projective module and an injective module. Finally, recall that a connected component Γ
of Γ (modA) is called directed if it consists only of directing modules. Observe that we
know from [31] that a regular Auslander–Reiten component is quasi-directed if and only if
it contains a directing module.
Our first main theorem characterizes the semiregular quasi-directed components of an
Artin algebra; and we show in particular that such components occur always as connecting
components of a tilted algebra.
Theorem 1. Let A be an Artin algebra and Γ be a semiregular connected component of
Γ (modA) without projective modules. The following conditions are equivalent:
(a) Γ is quasi-directed.
(b) Γ is directed.
(c) For each X in Γ , there exists an nX such that any path in indA from X to itself
contains at most nX distinct modules.
(d) For each X in Γ , there exists an mX such that any path in indA from X to itself
contains at most mX distinct hooks.
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at most nX,Y distinct modules.
(f) Given X, Y in Γ , there exists an mX,Y such that any path in indA from X to Y contains
at most mX,Y distinct hooks.
Further, if Γ contains injective modules, the above conditions are equivalent to:
(g) For each X in Γ , there exists an iX such that any path in indA from an injective in Γ
to X contains at most iX distinct modules.
(h) For each X in Γ , there exists a jX such that any path in indA from an injective in Γ
to X contains at most jX distinct hooks.
Furthermore, if ann(Γ ) is the annihilator of Γ and B = A/ ann(Γ ), then B is a tilted
algebra of the form B = EndH(T ) for some hereditary Artin algebra H and a tilting
module T without preinjective direct summands, and Γ is a connecting component of
Γ (modB).
The last statement directly follows from [28]. Of course, the dual statement concerning
semiregular components without injectives also holds, we leave the primal-dual translation
to the reader.
Our classification is completed with the characterization of the non-semiregular quasi-
directed components; and we show that such a component occurs always as the unique
non-semiregular faithful component of a laura algebra.
Theorem 2. Let A be an Artin algebra and Γ be a non-semiregular connected component
of Γ (modA). The following conditions are equivalent:
(a) Γ is quasi-directed and convex.
(b) Given X, Y in Γ , there exists an nX,Y such that any path in indA from X to Y contains
at most nX,Y distinct modules.
(c) Given X, Y in Γ , there exists an mX,Y such that any path in indA from X to Y contains
at most mX,Y distinct hooks.
(d) There exists an n0 such that any path in indA from an injective in Γ to a projective in
Γ contains at most n0 distinct modules.
(e) There exists an m0 such that any path in indA from an injective in Γ to a projective
in Γ contains at most m0 distinct hooks.
Furthermore, if ann(Γ ) is the annihilator of Γ and B = A/ ann(Γ ), then B is a laura
algebra and Γ is the unique non-semiregular and faithful component of Γ (modB).
In addition, we present some immediate corollaries of those theorems as well as some
examples.
We observe that some statements presented in this paper have similarities with results
obtained by Coelho and Lanzilotta in [10] and [11]. However, our results differ from those
of Coelho and Lanzilotta in the fact that we consider here a bound on the number of distinct
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on the number of hooks, respectively) of paths. This more general approach allows us to
prove some results which are generalizations of statements obtained in [10] and [11].
1. Preliminaries
1.1. Notations
Throughout this paper, all algebras are connected Artin algebras and, as seen before,
we denote by modA the category of all finitely generated right A-modules and by indA
a full subcategory of modA consisting of one representative from each isomorphism class
of indecomposable modules.
We call radical of modA and we denote by rad(modA) the ideal in modA
generated by all non-isomorphisms between indecomposable modules. The infinite radical
rad∞(modA) of modA is the intersection of all powers radi (modA), with i  1, of
rad(modA). If M is an A-module, we denote by pdAM its projective dimension, by idAM
its injective dimension, and by l(M) its length.
For an algebra A, we denote by Γ (modA) its Auslander–Reiten quiver and by τA = DTr
and τ−1A = TrD the Auslander–Reiten translations. An indecomposable module X is called
τA-periodic if X = τnAX for some n  1. Moreover, an indecomposable module X is
said to be left stable (or right stable, or stable) if τnAX = 0 for each n  0 (or n  0, or
n ∈ Z, respectively). By a component of Γ (modA), we mean a connected component of
Γ (modA). If Γ is a connected component of Γ (modA), we denote by lΓ (or rΓ , or sΓ )
the full subquiver of Γ generated by the left stable (or right stable, or stable, respectively)
indecomposable modules of Γ . A component Γ of Γ (modA) is called stable if Γ = sΓ .
Finally, if X is an indecomposable A-module, we denote by Γ X the component of
Γ (modA) containing X. Moreover, when A is a bound quiver algebra, we denote by
Pi (or Ii , or Si ) the indecomposable projective (or injective, or simple, respectively)
corresponding to the point i in the quiver.
For further definitions and facts concerning representation theory, we refer the reader to
[5,25].
1.2. Paths and hooks
Let X and Y be two indecomposable A-modules. A path from X to Y of length t in
indA is a sequence
(∗) :X = X0 f1−→ X1 f2−→ · · · ft−→ Xt = Y
(t  0), where Xi ∈ indA and fi is a non-zero morphism for each i . In this case, we write
(∗) :X Y or X (∗)Y and we say that Y is a successor of X, while X is a predecessor
of Y . Moreover, the modules X and Y are called the end-points of (∗). If Γ is a component
of Γ (modA), a path in Γ is a path in indA which contains only morphisms in Γ .
A path (∗) is called a cycle in indA if X = Y , t > 0 and at least fi is a non-isomorphism.
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and a component of Γ (modA) is called directed if it only contains directing modules.
When all the morphisms fi in (∗) are irreducible, we say that (∗) is a path of irreducible
morphisms. Moreover, in this case, we say that the triple (Xi−1,Xi,Xi+1) is a hook in (∗)
if Xi−1 = τAXi+1. A path of irreducible morphisms is called sectional if it contains no
hook. Lastly, a refinement of the path (∗) is a path
X = X′0
f ′1−→ X′1
f ′2−→ · · · f ′s−→ X′s = Y
in indA with s  t together with an order-preserving function σ : {1, . . . , t − 1} →
{1, . . . , s − 1} such that Xi = X′σ(i) for each i with 1 i  t − 1.
1.3. Preliminary results
In this section, we present some results that we need for later reference. We begin with
the following lemma which refines [24, (2.1)] (see also [19, (1.2)] and [29, (2.1)]).
Lemma 1.1. Let A be an algebra and X,Y be two indecomposable A-modules such that
rad∞(X,Y ) = 0. Then, for each finite set of positive integers L = {l1, l2, . . . , lr} and for
each t  0, there exists a path in indA
(∗) :X = X0 f1−→ X1 f2−→ · · · ft−→ Xt gt−→ Y
such that
(a) gtft . . .f1 = 0.
(b) Xi ∈ Γ X for each i such that 0 i  t .
(c) gt ∈ rad∞(Xt , Y ).
(d) l(Xi) = l(Xj ) for each i, j such that i = j and 0 i, j  t .
(e) l(Xi) /∈ L for each i such that 0 < i  t .
In particular, Xi = Xj when i = j .
Proof. First, it follows from [24, (2.1)] that, for each n 0, there exists a path
φn :X = X′0
f ′1−→ X′1
f ′2−→ · · · f ′n−→ X′n g
′
n−→ Y
in indA, where f ′1, . . . , f ′n are irreducible morphisms, g′n ∈ rad∞A (X′n, Y ) and
g′nf ′n . . .f ′1 = 0. Moreover, since this is done by using the lifting properties of almost split
sequences, one can assume (and we do) that, for each n 0, the path φn+1 is a refinement
of φn. Now, for each such path φn, let Mn be a maximal set of modules in φn satisfying
the conditions (d) and (e) above. We suppose, without loss of generality, thatMn ⊆Mn+1
for each n 0.
Now, assume there exists a fixed integer t  0 such that |Mn| t for each n  0. Let
ct = max{|Mn| | n  1} and mt being such that |Mmt | = ct . Then, it follows from the
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set l = max{l1, l2, . . . , lr } and b = l + max{l(X′i ) | X′i ∈Mmt } and consider the integer
n′ = 2b +mt . Of course, n′ mt . Then, the path
φn′ :X = X′0
f ′1−→ X′1





in indA is such that g′
n′f
′
n′ . . . f
′
1 = 0. But, since l(X′i ) b for each i such that 1 i  n′
(becauseMn′ =Mmt ), we get a contradiction to the Harada–Sai lemma [16] (see also [24,
(2.2)]). Hence, there exists nt  t for which |Mnt | = t .
It suffices to let fi be the appropriate composition of the irreducible morphisms of φnt
to find the required path (∗): indeed, if
φnt :X = X′0
f ′1−→ X′1




and Mnt = {X′j1,X′j2 , . . . ,X′jt } with, say, jk > jl when k > l, it clearly suffices to set
Xi = X′ji and fi = f ′ji+1f ′ji+1−1 . . . f ′ji+1 for each i and gt = g′nt f ′nt . . . f ′jt+1 to obtain the
required path. 
We immediately deduce the following well-known result (see [27, (1.1)] for instance).
Corollary 1.2. Let A be an Artin algebra such that rad∞(modA) = 0. Then A is represen-
tation-infinite.
Proposition 1.3. Let A be an Artin algebra and X,Y be two indecomposable A-modules
such that rad∞(X,Y ) = 0. Then we have the following:
(a) If Γ X has only finitely many τA-orbits and contains injective modules, then there exist
I,X′ ∈ Γ X , with I injective, and a path I φX′ f−→ Y , where φ is a path in Γ X and
f ∈ rad∞(X′, Y ).
(b) If Γ Y has only finitely many τA-orbits and contains projective modules, then there
exist P,Y ′ ∈ Γ Y , with P projective, and a path X g−→ Y ′ ψP , where ψ is a path in
Γ Y and g ∈ rad∞(X,Y ′).
(c) If the hypotheses of (a) and (b) are satisfied, then there exist I,X′ ∈ Γ X and
P,Y ′ ∈ Γ Y , with I injective and P projective, and a path I φX′ h−→ Y ′ ψP , where
φ and ψ are paths in Γ X and Γ Y , respectively, and h ∈ rad∞(X′, Y ′).
Proof. We only prove (a) since the proof of (b) is dual to that of (a), and (c) directly follows
from (a) and (b).
(a) Since rad∞(X,Y ) = 0, it follows from (1.1) that, for each t  0, there exists a path
θt :X = X0 f1−→ X1 f2−→ · · · ft−→ Xt gt−→ Y
in indA, where Xi = Xj when i = j , gt ∈ rad∞(Xt , Y ) and Xi ∈ Γ X for each i .
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lies in a cycle in Γ , then it follows from [2, (1.4)] that there exists an injective I ∈ Γ and
a path in Γ from I to Xi . Thus, we get a composed path I Xi Xt gt−→ Y in indA.
Otherwise, for each t  0, we have Xj = τnXi for some n < 0 whenever j > i and Xi
and Xj belong to θt and lie in the same τA-orbit in Γ X . Since Γ X contains only finitely
many τA-orbits, this implies by [10, (1.1)] that there exists a sufficiently large t  0 for
which the module Xt in θt is a successor of an injective I in Γ X. Then, we get a path
I Xt gt−→ Y as desired. 
We then obtain the following corollary which complements [2, (1.4)].
Corollary 1.4. Let A be an Artin algebra. If Γ is a component of Γ (modA) having only
finitely many τA-orbits and X ∈ Γ is a non-directing module, then:
(a) If Γ contains injective modules, then there is a path in indA from an injective of Γ
to X.
(b) If Γ contains projective modules, then there is a path in indA from X to a projective
of Γ .
(c) If Γ is non-semiregular, then there exist a path in indA from an injective in Γ to X
and a path from X to a projective in Γ .
Proof. We only prove (a) since the proof of (b) is dual to that of (a), and (c) directly follows
from (a) and (b).
(a) First, if X lies on a cycle in Γ , then the result follows from [2, (1.4)]. Otherwise, X
lies in a cycle X = X0 f1−→ X1 f2−→ · · · ft−→ Xt = X, where Xi /∈ Γ for some i . In particular,
there is an i0 for which Xi0−1 ∈ Γ and Xi0 /∈ Γ . Clearly, fi0 ∈ rad∞(Xi0−1,Xi0). Then, by
(1.3), there exists an injective I in Γ and a path I  Xi0 in indA. Hence, we get a path
I Xi0 Xt = X as required. 
2. Hook-bounded components are quasi-directed
Let A be an Artin algebra. In this section, we study the components Γ of Γ (modA)
having the property that, for all X,Y in Γ , there exists a bound mX,Y (which depends
on X and Y ) on the number of distinct hooks lying in the paths from X to Y in indA.
In particular, we show that such components are convex and quasi-directed. Recall that
a component Γ of Γ (modA) is said to be generalized standard [28] if rad∞A (X,Y ) = 0
for all X, Y ∈ Γ . Moreover, a generalized standard component Γ is called quasi-directed,
see [3], if it contains at most finitely many modules lying on cycles in indA. We stress
that the cycles considered in this definition are all cycles in indA and not only cycles of
irreducible morphisms or cycles in Γ .
As mentioned in the introduction, this approach generalizes the one followed by Coelho
and Lanzilotta [10, Section 3] which consists in considering a bound on the number of
(non-necessarily distinct) hooks lying in such paths. Another possibility is to consider
the components Γ for which, for all X,Y ∈ Γ , there exists a bound nX,Y such that any
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generalizes the other point of view taken in [10, Section 4], will be exploited in Section 3
to prove our main results. In particular, we prove that both approaches are equivalent.
We begin with the following proposition which clearly generalizes [10, (3.5)].
Proposition 2.1. Let A be an Artin algebra and suppose that Γ is a component of
Γ (modA) satisfying one of the following conditions:
(a) Γ is semiregular and, for each X ∈ Γ , there exists an mX such that any path in indA
from X to itself contains at most mX distinct hooks.
(b) Γ contains injective modules and, for each X ∈ Γ , there exists a jX such that any
path in indA from an injective in Γ to X contains at most jX distinct hooks.
(b′) Γ contains projective modules and, for each X ∈ Γ , there exists a qX such that any
path in indA from X to a projective in Γ contains at most qX distinct hooks.
(c) Γ is non-semiregular and there exists an m0 such that any path in indA from an
injective in Γ to a projective in Γ contains at most m0 distinct hooks.
Then Γ has only finitely many τA-orbits.
Proof. Assume that this is not the case. Then there exists a component Γ ′ of the stable
part sΓ of Γ with infinitely many τA-orbits.
First, observe that Γ ′ contains no τA-periodic module. Indeed, if X ∈ Γ ′ is such a
module, then Γ ′ is a stable tube by [13]. Let r be the rank of Γ ′. Now, Γ ′ being a
stable tube, there exists, for any s  0, a sectional path ψs :X = X0 → X1 → ·· · → Xs
and an irreducible morphism fi : τ i−sXi → τ (i−1)−sXi−1 for each i such that 1  i  s.
Moreover, we have a cycle of irreducible morphisms φi : τ i−sXi → Ci,1 → τ i−s−1Xi →
Ci,2 → ·· · → Ci,r → τ i−sXi containing exactly r distinct hooks. In addition, the r hooks
in φi are all distinct to the ones of φj whenever i = j and 1 i, j  s. Finally, there exists




φsXs fs−→ τ−1Xs−1 φs−1 τ−1Xs−1 fs−1−−−→ · · · f1−→ τ−sX0X
containing at least rs distinct hooks.
So, if the condition (a) is satisfied, this is clearly a contradiction because s can be chosen
arbitrarily large. Using [2, (1.4)], we get the same contradiction when one of the conditions
(b), (b′), or (c) is satisfied. Thus, Γ ′ contains no τA-periodic module. Furthermore, since
Γ ′ is stable, it follows from [17, (2.3)] that Γ ′ contains no cycle.
Hence, since Γ ′ has infinitely many τA-orbits by hypothesis, it follows from [12, (1.5)]
that there is a module X in Γ ′ such that, for each s  1, there exists a path φs :X τ sX
in indA and hence a cycle
ξs :X
φs τ sX τ s−1X · · ·X
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contradiction. Indeed, if condition (a) is satisfied, then the contradiction is obvious because
s can be chosen arbitrarily large. On the other hand, if condition (b) is satisfied, let
I = Y0 − Y1 − · · · − Yr = X′ be a walk of least possible length from an injective I in Γ to
a module X′ in the τA-orbit of X. The minimality of r implies that Y0, Y1, . . . , Yr are right
stable. Therefore, applying τ−1A if necessary, we get a path I X′′ where X′′ = τm
′′
X for
some integer m′′. Using [12, (1.5)], we get a path I X′′ X ξsX containing at least s
distinct hooks, which contradicts condition (b). Dually, the same holds when condition (b′)
is satisfied. Finally, if condition (c) holds true, the same argument and its dual give a path
I X ξsX P in indA, where I is an injective module in Γ and P a projective module
in Γ , another contradiction. Thus, in all cases, such a module X cannot exist and then Γ
has only finitely many τA-orbits. 
Corollary 2.2. Let A be an Artin algebra and suppose that Γ is a semiregular component
of Γ (modA) satisfying one of the following conditions:
(a) For each X ∈ Γ , there exists an mX such that any path in indA from X to itself
contains at most mX distinct hooks.
(b) Γ contains injective modules and, for each X ∈ Γ , there exists a jX such that any
path in indA from an injective in Γ to X contains at most jX distinct hooks.
(b′) Γ contains projective modules and, for each X ∈ Γ , there exists a qX such that any
path in indA from X to a projective in Γ contains at most qX distinct hooks.
Then Γ contains no cycle.
Proof. We only prove it for (a) and (b) since the proof for (b′) is dual to that of (b).
Thus, assume that Γ contains no projective. Moreover, suppose to the contrary that X ∈ Γ
is a module lying on a cycle in Γ . First, observe that X is not τA-periodic because, in
this case, Γ would be a stable tube, which is impossible since Γ has only finitely many
τA-orbits by (2.1). Therefore, since Γ contains no projective by assumption, it follows
from [12, (1.5)] that, for each s  1, there exists a path φs :X τ sAX in indA, and hence
a cycle X φs τ sAX  X containing at least s distinct hooks. So, if condition (a) holds,
the contradiction is obvious since s can be chosen arbitrarily large. In the case where
condition (b) is satisfied, it follows from (1.4) that there exists an injective I in Γ and
a path I X φs τ sAXX in indA containing at least s distinct hooks which also gives a
contradiction. Hence, Γ contains no cycle. 
We then obtain the following result which generalizes [10, (4.3)]. But first, we recall
that a component Γ of Γ (modA) is said to be convex if any path in indA with end-points
in Γ is a path in Γ .
Proposition 2.3. Let A be an Artin algebra and suppose that Γ is a component of
Γ (modA) satisfying one of the following conditions:
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from X to itself contains at most mX distinct hooks.
(b) Γ contains injective modules and, for each X ∈ Γ , there exists a jX such that any
path in indA from an injective in Γ to X contains at most jX distinct hooks.
(b′) Γ contains projective modules and, for each X ∈ Γ , there exists a qX such that any
path in indA from X to a projective in Γ contains at most qX distinct hooks.
(c) Γ is non-semiregular and there exists an m0 such that any path in indA from an
injective in Γ to a projective in Γ contains at most m0 distinct hooks.
Then Γ is convex and generalized standard.
Proof. Assume that this is not the case. Then there exist X,Y in Γ and a path
X = X0 f1−→ X1 f2−→ · · · ft−→ Xt = Y
in indA such that fi ∈ rad∞(modA) for some i . In particular, there is a minimal i0
for which Xi0−1 ∈ Γ and fi0 ∈ rad∞(modA) and a maximal j0 such that Xj0 ∈ Γ and
fj0 ∈ rad∞(modA). Observe that i0  j0. Moreover, we recall from (2.1) that Γ has only
finitely many τA-orbits, say b.
We first prove that the conclusion holds when one of conditions (a), (b), or (b′) is
satisfied. In fact, we only show it for (a) and (b) since the proof of (b′) is dual to that
of (b). Observe that in these two cases, we may assume (and we do) that the component Γ
is semiregular (without projective modules) since condition (b) implies condition (c) when
Γ is non-semiregular. Consider the morphism fj0 . By the dual of (1.1), there exists, for
each r  0, a path
θr :Xj0−1
hr−→ Wr gr−→ · · · g2−→ W1 g1−→ W0 = Xj0
in indA where gi is a morphism in Γ for each i , Wi = Wj when i = j and hr ∈
rad∞(modA). Then, since Γ has only finitely many τA-orbits and contains no cycle by
(2.2), it follows from [10, (1.1)] that there exists a sufficiently large r  0 such that Wr is
a predecessor of X in Γ . Hence, we get a path
(∗) :X = X0 f1−→ X1 f2−→ · · · fi0−1−−−→ Xj0−1 hr−→ Wr X
in indA, where hr ∈ rad∞(modA). Now, we look at the morphism hr . By (1.1), there
exists, for each s  0, a path
ϑs :XXj0−1 = Z0 p1−→ Z1 p2−→ · · · ps−→ Zs qs−→ Wr X
in indA, where Zi ∈ Γ for each i and Zi = Zj when i = j .
Then, if condition (a) holds true, consider s = (mX + 2)b, where mX is as in the
statement of condition (a). Without loss of generality, one can assume, by our choice of s,
that the path ϑs crosses the τA-orbit of Z0 at least mX + 2 times. In particular, there exists
a set J , with |J | = mX + 2, such that for each j ∈ J , there exists an rj ∈ Z such that
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and r− = min{rj | j ∈ J }. Obviously, there is a path φ : τ r+Z0  τ r−Z0 containing at
least mX + 1 distinct hooks, and so a path X = X0  Xj0−1 = Z0  τ r+Z0 φ τ r−Z0 
Zs
qs−→ Wr  X in indA containing more than mX distinct hooks, a contradiction to the
hypothesis.
Now, if condition (b) is satisfied, it follows from (1.4) that there exists, for each s  0,
a path Is  X
ϑsX in indA, where Is is an injective in Γ (which depends on the
choice of s). Then, by considering s = (iX + 2)b and applying the same reasoning as
for condition (a), we get a path from Is to X in indA having more than iX distinct hooks,
a contradiction. This prove our claim for conditions (a), (b), and (b′).
Finally, suppose that condition (c) is satisfied. By (1.4), there exists, for each s  0,
a path Is  X
ϑsX Ps in indA, where Is is an injective in Γ and Ps a projective in Γ
(which both depend on the choice of s). Then, by considering s = (m0 + 2)b and applying
the same argument as for (a) and (b), we get a path from Is to Ps in indA having more than
m0 distinct hooks, a contradiction. This completes the proof. 
We now prove that the components considered in this section are quasi-directed.
Proposition 2.4. Let A be an Artin algebra and suppose that Γ is a component of
Γ (modA) satisfying one of the conditions stated in the above Proposition 2.3. Then Γ
is quasi-directed.
Proof. First, it follows from (2.3) that Γ is convex and generalized standard. In addition,
Γ has only finitely many τA-orbits by (2.1), say b. Thus, in order to show that Γ is quasi-
directed, it suffices to show that every τA-orbit in Γ has only finitely many non-directing
modules.
Of course, if Γ is semiregular and one of conditions (a), (b), or (b′) holds, then the claim
easily follows from the convexity of Γ and (2.2). On the other hand, we observe that if Γ
is non-semiregular and one of conditions (b) or (b′) holds, then so does (c). We may thus
assume that condition (c) is satisfied. So, let X1 = τm1X, X2 = τm1X, . . . ,Xn = τmnX
be n distinct and non-directing modules which belong to a same τA-orbit of Γ . Set
m+ = max{mj | 1  j  n} and m− = min{mj | 1  j  n}. Then, there exists a path
τm
+
X τm−X in Γ containing at least n − 1 different hooks. Moreover, since Γ has
only finitely many τA-orbits, it follows from (1.4) that there exist an injective I in Γ and
a projective P in Γ and two paths I  τm+X and τm−X P in indA. Composing these
three paths together, we get a path I  τm+X τm−X P in indA containing at least
n − 1 distinct hooks. Thus n − 1  m0 by assumption, and n  m0 + 1. Therefore, Γ
contains at most (m0 + 1)b non-directing modules. This completes the proof. 
3. Proofs of our main theorems
At this point, we have all required tools in hand to prove our first theorem. But before,
recall that for a component Γ of Γ (modA), we denote by ann(Γ ) the annihilator Γ in A,
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then Γ is said to be faithful.
Proof of Theorem 1. First, observe that the implications (c) implies (d), (e) implies (c)
and (f) and, finally, (f) implies (d) are all obvious. Moreover, it follows from (2.4) that (a)
is a consequence of (d). Therefore, to show that conditions (a) to (f) are all equivalent, it
suffices to show that (a) implies (b) and (e), while (b) implies (c).
(a) implies (b) and (e). Suppose that Γ is quasi-directed. First, Γ being semiregular,
it contains no cycle by [17, (2.6)]. Thus, it follows from [17, (3.6)] that Γ is isomorphic
to a full subquiver of Z∆, where ∆ is an acyclic quiver. In addition, since Γ has only
finitely many τA-orbits by [28, (2.3)], one can assume that ∆ is finite. Then, Γ is a convex
and directed component of Γ (modA). Indeed, suppose that there exists a path X = X0 f1−→
X1
f2−→ · · · ft−→ Xt = Y in indA, where X,Y ∈ Γ but Xi /∈ Γ for some i . In particular, there
is a j such that Xj−1 /∈ Γ but Xj ∈ Γ . Then, by the dual of (1.1), for each s  0, there is
a path of distinct modules in indA of the form Xj−1 gs−→ Zs → Zs−1 → ·· · → Z0 = Xj ,
where Zi ∈ Γ for each i and gs ∈ rad∞(Xj−1,Zs). Since Γ is acyclic, it follows from
[10, (1.1)] that there is an s  0 for which Zs is a predecessor of X. Therefore, we have a
cycle X Xj−1 gs−→ Zs  X with gs ∈ rad∞(Xj−1,Zs). But now, applying (1.1) to gs ,
one can find arbitrarily many non-directing modules in Γ , a contradiction. So Γ is convex,
and therefore directed because Γ contains no cycle. Hence (a) implies (b). Now, let ∆′
be a fixed copy of ∆ in Z∆ and let φ :X Y be a path in indA, where X ∈ (x∆′)0 and
Y ∈ (y∆′)0, for some x, y ∈ Z. Since Γ is generalized standard, convex and directed, φ is
a path in Γ and x  y . But then, φ has length at most (x − y + 1)l + (x − y), where l is
the length of the longest path in (the finite and acyclic quiver) ∆′. In particular, φ contains
at most (x − y + 1)l + (x − y) distinct indecomposable modules. It then suffices to set
nX,Y = (x − y + 1)l + (x − y) and statement (e) clearly follows.
(b) implies (c). Since Γ only contains directing modules, there is no non-trivial path
from a module in Γ to itself and so condition (c) is trivially satisfied.
Hence, conditions (a) to (f) are all equivalent. Now, suppose that Γ contains injective
modules. The facts that (e) implies (g) and (g) implies (h) are easy to see. So, it suffices
to show that (a) is a consequence of (h) to finish the proof of all the equivalences. But this
follows from (2.4).
In order to conclude, observe that if ann(Γ ) is the annihilator of Γ and B = A/ ann(Γ ),
then the last observation is a direct consequence of [28, (3.1)]. 
In the course of the proof, we have obtained the following corollary.
Corollary 3.1. Let A be an Artin algebra. If Γ is a semiregular and quasi-directed
component of Γ (modA), then Γ is convex.
In [34], Skowron´ski and Wenderlich considered the Artin algebras A such that every
indecomposable projective A-module is directing. The following two corollaries are then
easy consequences of the above theorem and [34, (3.6)] and [34, (3.14)], respectively.
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module is directing. If Γ is a component containing projectives but no injective, then Γ is
quasi-directed (and hence directed).
Corollary 3.3. Let A be an Artin algebra such that Γ (modA) admits a regular quasi-
directed component. Then, modA contains a non-directing indecomposable projective
module and a non-directing indecomposable injective module.
In order to prove our second theorem, we need some notations. For an algebra A,
following [14], we denote by LA andRA the following subcategories of indA:
LA = {X ∈ indA | pdA Y  1 for each predecessor Y of X},
RA = {X ∈ indA | idA Y  1 for each successor Y of X}.
Clearly, LA is closed under predecessors and RA is closed under successors. These
subcategories played a decisive role in the study of quasi-tilted algebras [12,14], double
tilted algebras [21,32], shod algebras [9], weakly shod algebras [11], and laura algebras
[2,22,33].
In particular, we recall that an algebra is said to be laura if LA ∪RA is cofinite in indA,
that is all, but at most finitely many isomorphism classes of indecomposable A-modules
belong to LA ∪RA, see [2]. We have the following result.
Lemma 3.4. Let A be an Artin algebra and suppose that Γ is a quasi-directed component
of Γ (modA). Then Γ is a component of the Auslander–Reiten quiver of the laura algebra
B = A/ ann(Γ ).
Proof. Consider the annihilator ann(Γ ) of Γ in A and set B = A/ ann(Γ ). Clearly, Γ is a
faithful component of Γ (modB). In addition, since modB is a full subcategory of modA,
then Γ is also quasi-directed when considered as a component of Γ (modB). Therefore, it
follows from [22, (3.1)] and [33] that B is a laura algebra and the proof is complete. 
Before we prove our next result, we need to recall some facts about left supported
algebras introduced in [4] by Assem, Coelho, and Trepode. First, recall from [6] that
an additive full subcategory C of modA is called contravariantly finite if, for any
A-module M , there exists a morphism fC :MC → M such that MC lies in C and, if
f :N → M is any morphism with N ∈ C , then there exists g :N → MC such that f = fCg.
The dual notion is that of covariantly finite subcategory. Observe that, since LA is closed
under predecessors, then addLA is trivially covariantly finite. This leads to the following
definition.
Definition 3.5 [4]. An Artin algebra A is called left supported provided the class addLA is
contravariantly finite in modA.
In order to have a better description of those algebras, it is convenient to define the
following algebra.
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of indecomposable projectives in LA. The algebra Aλ = EndP is called the left support
of A.
Finally, for any Artin algebra, we define two subclasses of LA:
• E1 = {M ∈LA | there exists an injective I in indA and a path I M}.
• E2 = {M ∈ LA\E1 | there exists a projective P in indA\LA and a sectional path
P  τ−1A M}.
Furthermore, we set E = E1 ∪E2 and we let E be the direct sum of all indecomposable
A-modules lying in E . Then we have the following result.
Theorem 3.7 [4, (4.2)(5.1)]. Let A be an Artin algebra. The following conditions are
equivalent:
(a) A is left supported.
(b) addLA = CogenE.
(c) Each connected component of Aλ is a tilted algebra, and the restriction to this
component of E is a slice module.
For example, it has been proven independently in [4, (4.4)] and [33] that any laura
algebra which is not quasi-tilted is left supported. The following proposition gives a good
description of the quasi-tilted algebras which are left supported.
Proposition 3.8. Let A be a quasi-tilted algebra. The following are equivalent:
(a) A is left supported.
(b) LA consists of all predecessors of E .
(c) E = ∅.
(d) LA contains an injective A-module.
(e) Γ (modA) has a connecting component containing an injective A-module.
In this case A is tilted, having E as complete slice.
Proof. First, as A is quasi-tilted, it follows from [14, (II.1.14)] that LA contains all
indecomposable projective A-modules. Hence, LA = ∅ and E2 = ∅.
(a) implies (b). If A is left supported, then addLA = Cogen(E) by the above theorem,
and so LA consists of predecessors of E . Moreover, since E ⊆ LA by definition and LA is
closed under predecessors, any predecessor of E belongs to LA. Therefore, (a) implies (b).
(b) implies (c). This clearly follows from LA = ∅.
(c) implies (d). If E = ∅, then E1 = ∅ because E2 = ∅ and E = E1 ∪ E2. The claim then
follows from the definition of E1 and from the fact that LA is closed under predecessors.
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Γ IA be the component in Γ (modA) containing I . Then Γ IA is a connecting component
by [12, (6.5)].
(e) implies (a). Let Γ be a connecting component in Γ (modA) containing an
indecomposable injective A-module. By [21, (7.4)], Γ admits a complete slice Σ where all
sources are injective. Now, since each complete slice belongs to LA, we infer that Σ ⊆ E1.
But then, it follows from [4, (3.5)] that |E1| = |E | = |Σ|. Therefore E = Σ and A is left
supported by the previous theorem. 
We need one further lemma.
Lemma 3.9. Let A be a laura algebra. If Γ is a non-semiregular component of Γ (modA),
then any module in Γ has only finitely many successors in LA.
Proof. Let X ∈ Γ . First, if X does not belong to LA, then X has no successor in LA
because LA is closed under predecessors. Otherwise, there are two cases to consider.
The first one is when A is quasi-tilted. In this case, Γ is the unique connecting
component of Γ (modA) (because it is non-semiregular), and hence directed. The result
then easily follows from the fact that Γ admits E as complete slice and LA consists of all
predecessors of E by (3.8). Suppose now that X ∈LA and that A is a laura algebra which is
not quasi-tilted. In particular, A is left supported by [4,33]. In addition, E ⊆ Γ . Moreover,
it follows from (3.7) that X belongs to the unique connecting component Γ ′ of a tilted
algebra A′, where A′ is a quotient algebra of A. Also, Γ ′ admits the restriction E |Γ ′ as
complete slice. But then, since each module in LA is a predecessor of E by (3.7), it follows
that any successor of X which belongs to LA is a predecessor of E |Γ ′ . But there are finitely
many such modules since Γ ′ is connecting, and the result follows. 
We are now ready to prove our second theorem.
Proof of Theorem 2. The facts that (b) implies (c) and (d), which both separately imply
(e) are easy to see. Moreover, it follows from (2.3) and (2.4) that (e) implies (a). So, to
finish the proof, it suffices to show that (b) is a consequence of (a).
(a) implies (b). Let X and Y be two modules in Γ . We want to show that there
exists an nX,Y such that any path from X to Y in indA contains at most nX,Y distinct
indecomposable modules. First, the convexity of Γ implies that any path in indA from X
to Y is a path in Γ . Moreover, it follows from (3.4) that Γ is a non-semiregular component
of a laura algebra B and, consequently, there exist integers sX and pY such that X admits
at most sX successors in LB and Y admits at most pY predecessors in RB ((3.9) and its
dual).
Now, suppose that φ :X Y is a path in indA, that is a path in Γ . Obviously, if φ
is a path in LB or in RB , we infer from our above discussion that φ contains at most
max{sX,pY } distinct modules. Otherwise, the path φ is of the form
φ :XW ′ f−→ W  Z g−→ Z′ Y
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(or Y = Z) if X /∈ LB (or Y /∈RB , respectively). Observe that we can assume f and g to
be irreducible since Γ is quasi-directed, hence generalized standard. Moreover, the paths
XW ′ and Z′ Y admit at most sX and pY distinct modules, respectively. On the other
hand, since W /∈ LB and Z /∈RB , then no module on the path W  Z lies in LB ∪RB .
Since at most finitely many indecomposable B-modules (say n) do not belong to LB ∪RB
(because B is laura), this shows that the path φ contains at most sX + n + pY distinct
modules. Hence, the integer nX,Y = sX + n+ pY satisfies the required condition.
Finally, if Γ satisfies conditions (a) to (e), it follows from (3.4) that Γ is a non-
semiregular component of the Auslander–Reiten quiver of a laura algebra, and its
uniqueness and faithfulness then follow from [2, (4.6)]. 
The following example shows that the condition of convexity is necessary when we deal
with non-semiregular components.
Example 3.10. Let A be the radical square zero algebra given by the quiver
1 2
3 4 5 6 7.
Then, the Auslander–Reiten quiver Γ (modA) of A consists of:
(i) two families of orthogonal homogeneous tubes corresponding to the Kronecker
algebras given by the full subcategories generated by the sets of vertices {1,3} and
{2,7}, respectively;
(ii) two non-semiregular components induced by the sets of vertices {1,2} and {3,4,5,
6,7}, respectively.
Hence, Γ (modA) has the shape shown in Fig. 1, where we identify the two copies of P1.
Then, if Γ is the non-semiregular component indicated in Fig. 1, it is not hard to see that
Γ is quasi-directed. However, indA contains a path
φ : I6 → P2 f−→ P1 → P3 g−→ P4,
where I6 and P4 both belong to Γ and f and g are in the infinite radical of modA. But
then, it follows from (1.1) that there does not exist a bound nI6,P4 such that any refinement
of φ contains at most nI6,P4 modules. Therefore, the condition of convexity in Theorem 2
is necessary.
Since an Artin algebra A is laura if and only if there are only finitely many distinct
indecomposableA-modules lying on a path from an indecomposable injective A-module to
an indecomposable projective A-module in indA (see [2, (2.4)]), we immediately deduce
from the above theorem the following corollary, first stated in [2].
Corollary 3.11. Let A be a laura algebra. Then any non-semiregular component of
Γ (modA) is quasi-directed and convex.
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We also get the following characterization of the pip-bounded components first
introduced in [10]. Recall that a non-semiregular component Γ of Γ (modA) is said to
be pip-bounded if there exists an n0 such that any path of non-isomorphisms in indA from
an injective module in Γ to a projective module in Γ has length at most n0.
Corollary 3.12. Let A be a Artin algebra. If Γ is a non-semiregular component of
Γ (modA), then Γ is a pip-bounded component if and only if Γ is generalized standard,
directed and convex. Moreover, in this case, the algebra B = A/ ann(Γ ) is weakly shod
and Γ is the unique non-semiregular and faithful component of Γ (modB).
Proof. Since the necessity follows from [11, (1.6)] and [10, (3.1)], assume that Γ is
generalized standard, directed and convex. Obviously, Γ is quasi-directed and convex and
we infer from Theorem 2 that B = A/ ann(Γ ) is a laura algebra such that Γ is the unique
non-semiregular and faithful component of Γ (modB). We then deduce from [11, (2.5)]
that B is weakly shod and from [11, (2.4)] that Γ is a pip-bounded component. 
Examples 3.13.
(a) Let A be a representation-finite algebra. Obviously, the unique (non-semiregular)
component of Γ (modA) is quasi-directed and convex.
(b) Let A be a tilted algebra. It follows from the well-known description of its Auslander–
Reiten quiver [18] that the only quasi-directed components are the postprojective
component(s), the preinjective component(s) and the connecting component(s).
(c) Let A be a laura algebra which is not quasi-tilted. It follows from the description
of its Auslander–Reiten quiver (see [2, (4.9)]) that the semiregular quasi-directed
components are the postprojective components and the preinjective ones, while
Γ (modA) has a unique non-semiregular component, which is quasi-directed and
faithful.
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(d) Let A be an Artin algebra, and suppose that Γ is a π -component of Γ (modA): we
recall from [8] that an Auslander–Reiten component Γ is called a π -component if
almost all modules in Γ lie in the τ -orbit of a projective module and Γ contains only
finitely many non-directing modules. We define dually the ι-component. Then Γ is
convex and quasi-directed by (1.1) and [8, (4.2)].
(e) Let A be the radical square zero algebra given by the quiver
1 5
10 9 8 7 2 3 4 6.
Then its Auslander–Reiten quiver has the shape shown in Fig. 2, where we identify the
two copies of S5 and the two copies of S10, respectively. Then,
(i) Γ1 is the only semiregular quasi-directed component in Γ (modA). Moreover,
B1 = A/ ann(Γ1) is the Kronecker algebra generated by the set of vertices {1,2}
and Γ1 is a connecting component of B1.
(ii) The componentsΓ2, Γ3, and Γ4 are the non-semiregular quasi-directed and convex
components in Γ (modA), where Γ3 and Γ4 are two ι-components. Here, B2 =
A/ ann(Γ2), B3 = A/ ann(Γ3), and B4 = A/ ann(Γ4) are the full subcategories of
A respectively generated by the sets of vertices {1,2,3,4,7,8}, {3,4,5,6}, and
{7,8,9,10}. Observe that B2, B3, and B4 are laura (not quasi-tilted) algebras by
Theorem 2.
The following results show that representation-finite algebras can be characterized in
terms of quasi-directed components.
Proposition 3.14. Let A be an Artin algebra. If there exists a quasi-directed component Γ ,
then, either A is representation-finite, or Γ (modA) contains infinitely many non-directing
modules.
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Γ contains only finitely many τA-orbits by [28, (2.3)], then its left stable part lΓ or its
right stable part rΓ is infinite. Suppose, without loss of generality, that rΓ is infinite and
let C be a component of rΓ . By [17, (3.6)], C is isomorphic to a full subquiver of Z∆,
closed under successors, where ∆ is a (finite) quiver. Fix a copy ∆′ of ∆ such that there is
no path in Γ having a module in ∆′ as source and an injective as target, and let M be the
direct sum of all modules lying in ∆′. Then, since Γ is generalized standard, we get that
HomA(M,τAM) = 0.
Now, let B = A/ ann(∆′), where ann(∆′) is the intersection of the annihilators ann(X)
of all modules X in ∆′. Then, since M is a faithful B-module and HomB(M,τBM) = 0,
because τBM is a submodule of τAM (see [25, (2.4)]), we get that M is a slice B-module,
and hence that B is tilted by the Liu–Skowron´ski criterion [19,26]. Consequently, B admits
infinitely many non-directing indecomposable modules, and so does A. 
We deduce the following corollary, which can also be obtained from [27, (8.6)].
Corollary 3.15. An Artin algebra A is representation-finite if and only if each component
of Γ (modA) is quasi-directed.
Proof. Since the necessity is obvious, assume that each component of Γ (modA) is quasi-
directed and that A is representation-infinite. Then, since any quasi-directed component
contains only finitely many non-directing modules, it follows from our assumption and
(3.14) that Γ (modA) contains infinitely many quasi-directed components, a contradiction
to [28, (3.6)]. This completes the proof. 
4. Almost standard components
In the representation theory of algebras of finite dimension over an algebraically closed
field K , an important role is played by standard Auslander–Reiten components (see [7,
25]). Recall that a component Γ in Γ (modA) is said to be standard if indΓ is equivalent
to the mesh category K(Γ ) = KΓ/IΓ , where KΓ is the path category of Γ and IΓ is the
ideal of KΓ generated by all the elements
∑










(where some Yi may coincide) in Γ .
In [20], Liu showed that any standard component is generalized standard. Conversely,
it has been proved in [30] that any semiregular generalized standard is standard. However,
this generally does not hold in the case of a non-semiregular component. Indeed,
Riedtmann showed in [23] that there exist examples of representation-finite algebras A
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any non-semiregular, quasi-directed and convex Auslander–Reiten component admits the
module category of a representation-finite algebra as a full subcategory (by (3.4) and [2,
Section 5]), this shows that this type of component is generally not standard.
However, if we say that a component Γ in Γ (modA) is almost standard when all
modules M and N in Γ , except for at most finitely many, we have HomA(M,N) =
k(Γ )(M,N), we get the following result.
Proposition 4.1. Let A be an Artin algebra. If Γ is a quasi-directed component in
Γ (modA), then Γ is almost standard.
Proof. First, if Γ is semiregular, then it follows from Theorem 1 that Γ is the connecting
component of the tilted algebra A/ ann(Γ ), and hence standard. Otherwise, if Γ is non-
semiregular, then Γ is a quasi-directed and faithful component of the Auslander–Reiten
quiver of the laura algebra B = A/ ann(Γ ) by Theorem 2. Then, if B is quasi-tilted, Γ is
connecting and so standard. In particular, it is almost standard. On the other hand, if B a
laura algebra which is not quasi-tilted, it follows from [2, (5.1)] and [2, (5.4)] that all but
finitely many modules of Γ belong to a connecting component of a tilted algebra. Since
these components are all standard, Γ is almost standard. 
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